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ABSTRACT. We study symmetric real random variables 𝑈 whose reciprocal moment-generating func-
tions are characteristic functions. Assuming 𝑀𝑈 (𝑡) < ∞ for every real 𝑡, we give two equivalent
criteria: nonnegativity of a Fourier inverse and positivity of recursively computed Hankel matrices.
These criteria also recover the conjugate law. The resulting pairs preserve the expected real part of
entire extensions under an explicit integrability condition. We then give a general construction. For
every nonconstant real polynomial 𝑃 with 𝑃(0) = 1 and 𝑃(𝑠) > 0 for 𝑠 ≥ 0, suitable 𝑏, 𝜏 > 0 make

𝑒𝜏𝑡
2/2 (1 + 𝑏𝑡2)𝑃(𝑡2)

a moment-generating function whose reciprocal is a characteristic function. The proof uses two steps:
Laplace convolution makes the reciprocal Fourier inverse positive, and Gaussian regularization gives
a positive density for 𝑈. Choosing the zeros of 𝑃 produces families outside both the symmetric
Laguerre–Pólya class and the class D𝑃 of Konstantopoulos, Patie and Sarkar. We give explicit den-
sities and sampling procedures for an explicit example, and recover the two known classes within the
same framework.

Keywords: van Dantzig problem; characteristic function; Stieltjes moment problem; positive poly-
nomial; Fourier inversion; Gaussian variance mixture.

1. INTRODUCTION

We study real random variables 𝑈 admitting an independent real random variable 𝑉 such that
E𝑒𝑡 (𝑈+i𝑉 ) = 1 for every 𝑡 ∈ R. We give criteria for existence, methods for recovering the law of 𝑉 ,
and a polynomial construction of such pairs.

Write
𝑀𝑈 (𝑡) = E𝑒𝑡𝑈 , 𝜑𝑈 (𝑡) = E𝑒i𝑡𝑈 .

An independent real random variable 𝑉 will be called a negative conjugate of 𝑈 if

E𝑒𝑡 (𝑈+i𝑉 ) = 1 (𝑡 ∈ R). (1.1)

When 𝑀𝑈 is finite on R, independence makes this equivalent to

𝜑𝑉 (𝑡) = 𝑀𝑈 (𝑡)−1. (1.2)

Thus the problem is to determine whether the explicitly given function 1/𝑀𝑈 is a characteristic func-
tion. If it is, it determines the law of 𝑉 uniquely. We assume that 𝑈 has all real exponential moments.
The conjugate𝑉 has an exponential moment in a neighborhood of zero, as established in Theorem 2.3.

The classical van Dantzig problem asks when a characteristic function 𝐹 has a characteristic recip-
rocal 1/𝐹 (i𝑡). For symmetric𝑈, we have 𝜑𝑈 (i𝑡) = 𝑀𝑈 (𝑡), so (1.2) is exactly this relation. Lukacs [2]
developed the subject systematically. The even Laguerre–Pólya class D𝐿 supplies classical examples
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2 CONSTRUCTIVE VAN DANTZIG PAIRS

through real-zero products [8]. Konstantopoulos, Patie and Sarkar [1] introduced another class, D𝑃,
using spectrally negative Lévy exponents.

The main results are as follows.
(i) Existence criteria and recovery. We give two necessary-and-sufficient criteria. One computes

a Fourier inverse and checks its sign. The other computes candidate moments and checks two
sequences of Hankel matrices. When the conditions hold, they also recover𝑉 through its density
or discrete approximations.

(ii) Polynomial construction. We prove that every polynomial 𝑃 with 𝑃(0) = 1 and 𝑃 > 0 on [0,∞)
can be used in (3.1). Suitable Laplace and Gaussian parameters ensure that both the proposed
moment-generating function and its reciprocal are valid. The proof gives sufficient bounds for
choosing these parameters.

(iii) Families outsideD𝐿∪D𝑃. We choose polynomials whose zeros place the resulting pairs outside
D𝐿 ∪D𝑃. We also give a concrete example with positive density formulas and direct sampling
procedures.

The criteria are expressed through a Fourier integral and recursively computed matrices. Their
necessary-and-sufficient conditions quantify over all spatial points or all matrix sizes. The polyno-
mial construction supplies finite sufficient checks for selecting parameters.

The Fourier and moment criteria build on classical inversion and Stieltjes moment theory. Earlier
work on rational characteristic functions also uses positivity of Fourier inverses and restrictions on
poles [3, 5]. Our polynomial theorem concerns the simultaneous validity of both members of the pair
for every positive 𝑃. The comparison in this paper concerns D𝐿 , D𝑃, and the Gaussian variance-
mixture closure described in Section 4.

The paper follows this order: criteria in Section 2, construction in Section 3, and new families in
Section 4. Section 5 recovers known pairs. Full technical proofs are in the appendices.

2. EQUIVALENT CHARACTERIZATIONS AND RECOVERY

2.1. Assumptions and notation. The Fourier criterion uses 𝑀𝑈; the Hankel criterion uses the mo-
ments of 𝑈. Throughout this section we assume

𝑈
𝑑
= −𝑈, Var(𝑈) > 0, 𝑀𝑈 (𝑡) < ∞ (𝑡 ∈ R). (H)

The last condition implies that 𝑀𝑈 (𝑧) = E𝑒𝑧𝑈 is entire. Symmetry is necessary for (1.2): a real-
valued characteristic function is even, so 𝑀𝑈 (𝑡) = 𝑀𝑈 (−𝑡), and uniqueness of moment-generating
functions gives symmetry of 𝑈. A deterministic 𝑈 = 𝑐 therefore has a negative conjugate only when
𝑐 = 0, in which case 𝑉 = 0.

We use the convention

𝑓̂ (𝑡) =
∫
R
𝑒i𝑡 𝑥 𝑓 (𝑥) d𝑥, F −1𝑞(𝑥) = 1

2𝜋

∫
R
𝑒−i𝑡 𝑥𝑞(𝑡) d𝑡.

We write D for the classical analytic van Dantzig class and D𝐿 for its even Laguerre–Pólya char-
acteristic functions. Under (H), 𝜑𝑈 is entire. The conjugate characteristic function may be analytic
only in a horizontal strip; its reciprocal identity provides continuation along the imaginary axis. The
standing assumption (H) concerns 𝑈; the regularity of 𝑉 is established below.

The following bound ensures that the Fourier integral in our first criterion always converges.



EQUIVALENT CHARACTERIZATIONS AND RECOVERY 3

LEMMA 2.1 (Automatic decay). Under (H), choose 𝑟 > 0 such that 𝜌 = P(|𝑈 | ≥ 𝑟) > 0. Then

𝑀𝑈 (𝑡) ≥ 𝜌 cosh(𝑟𝑡), 0 < 𝑀𝑈 (𝑡)−1 ≤ 2
𝜌
𝑒−𝑟 |𝑡 | . (2.1)

Consequently 𝑀−1
𝑈 ∈ 𝐿1(R).

2.2. The Fourier criterion. If 1/𝑀𝑈 is a characteristic function, its inverse Fourier transform must
be a probability density. The next theorem shows that checking nonnegativity is enough: normaliza-
tion then follows automatically.

THEOREM 2.2 (Fourier characterization). Under (H), define

𝑓 ∗𝑈 (𝑥) = 1
𝜋

∫ ∞

0

cos(𝑡𝑥)
𝑀𝑈 (𝑡) d𝑡. (2.2)

Then 𝑈 has a negative conjugate if and only if 𝑓 ∗𝑈 (𝑥) ≥ 0 for every 𝑥 ∈ R. In that event 𝑓 ∗𝑈 is the
continuous density of the unique conjugate law.

The same formula both tests existence and gives the density of𝑉 . It can also be approximated with
a uniform error bound. If 𝑓 ∗𝑈,𝑇 is (2.2) with upper integration limit 𝑇 , then

sup
𝑥∈R

| 𝑓 ∗𝑈 (𝑥) − 𝑓 ∗𝑈,𝑇 (𝑥) | ≤
2

𝜋𝜌𝑟
𝑒−𝑟𝑇 , sup

𝑥
| ( 𝑓 ∗𝑈)′(𝑥) | ≤

2
𝜋𝜌𝑟2 . (2.3)

Together with a quadrature error bound, these estimates can certify a negative value and hence rule
out a conjugate. Proving positivity everywhere also requires control of the spatial tails. Appendix A
gives the proof, including normalization.

2.3. The Hankel criterion. Expanding 𝑀𝑈 (𝑡)𝜑𝑉 (𝑡) = 1 determines the candidate even moments
of 𝑉 . The Stieltjes moment theorem characterizes when this sequence is represented by a probability
law on [0,∞).

Put 𝑢𝑛 = E𝑈2𝑛, with 𝑢0 = 1, and compute 𝑣𝑛 recursively by

𝑣0 = 1, 𝑣𝑛 =
𝑛∑

𝑘=1
(−1)𝑘+1

(
2𝑛
2𝑘

)
𝑢𝑘𝑣𝑛−𝑘 (𝑛 ≥ 1). (2.4)

For 𝑁 ≥ 0, set
𝐻𝑁 = (𝑣𝑖+ 𝑗)𝑁𝑖, 𝑗=0, 𝐻𝑁 = (𝑣𝑖+ 𝑗+1)𝑁𝑖, 𝑗=0. (2.5)

THEOREM 2.3 (Moment characterization). Under (H), the following are equivalent:
(a) 𝑈 has a negative conjugate;
(b) 𝐻𝑁 ⪰ 0 and 𝐻𝑁 ⪰ 0 for every 𝑁 ≥ 0;
(c) 𝐻𝑁 ≻ 0 and 𝐻𝑁 ≻ 0 for every 𝑁 ≥ 0.

When these conditions hold, E𝑉2𝑛 = 𝑣𝑛, 𝑉 is symmetric, and its law is moment-determinate and has
an exponential moment E𝑒𝑎 |𝑉 | < ∞ for some 𝑎 > 0.

The matrices test whether (𝑣𝑛) is the moment sequence of a nonnegative variable 𝑋 , by the Stieltjes
moment theorem [7, Chapters 3–5]. If so, attach an independent fair sign to

√
𝑋 to obtain 𝑉 . Ana-

lyticity near zero then upgrades the moment identities to (1.2) on the whole real axis. Appendix B
proves the analytic continuation step.
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The first two nontrivial terms are

𝑣1 = 𝑢1, 𝑣2 = 6𝑢2
1 − 𝑢2.

Strict positivity of det𝐻1 gives the useful necessary condition

E𝑈4 < 5(E𝑈2)2. (2.6)

This gives an exclusion test using only the second and fourth moments. More generally, checking
both matrices through size 𝑁 + 1 requires moments of 𝑈 through order 4𝑁 + 2. A failed positive-
semidefiniteness test rules out existence. The existence criterion requires both matrices to be positive
semidefinite for every 𝑁 .

When the criterion holds, the same moments also give finite discrete approximations to the conju-
gate law.

COROLLARY 2.4 (Discrete spectral recovery). Suppose the conditions of Theorem 2.3 hold. Form the
full moment sequence 𝑚2𝑛 = 𝑣𝑛, 𝑚2𝑛+1 = 0, and let 𝑝𝑛 be its monic orthogonal polynomials. With
𝑝0 = 1, 𝑝1 = 𝑥, write

𝑝𝑛+1(𝑥) = 𝑥𝑝𝑛 (𝑥) − 𝛽𝑛𝑝𝑛−1(𝑥), 𝛽𝑛 =

∫
𝑝2
𝑛 dL(𝑉)∫

𝑝2
𝑛−1 dL(𝑉)

> 0.

Let 𝐽𝑁 have zero diagonal and off-diagonals
√
𝛽1, . . . ,

√
𝛽𝑁−1. If (𝑥𝑁, 𝑗 , 𝑞𝑁, 𝑗) are its eigenvalues

and orthonormal eigenvectors, then

𝜇𝑁 =
𝑁∑
𝑗=1

|⟨𝑒1, 𝑞𝑁, 𝑗⟩|2𝛿𝑥𝑁, 𝑗 =⇒ L(𝑉). (2.7)

Moreover, 𝜇𝑁 matches the moments of 𝑉 through degree 2𝑁 − 1.

To implement this construction, use the full symmetric sequence 𝑚2𝑛 = 𝑣𝑛, 𝑚2𝑛+1 = 0. Its sym-
metry gives the zero diagonal of 𝐽𝑁 . Using (𝑣𝑛) directly as moments of 𝑉2 would give a different
Jacobi matrix.

2.4. A mean-value identity for holomorphic extensions. The cancellation implies a mean-value
identity for entire functions satisfying an integrability condition. Taking real parts gives the corre-
sponding identity for their real-valued restrictions.

THEOREM 2.5 (Mean-value identity). Assume (H), let 𝑉 be an independent negative conjugate of 𝑈,
and set 𝑊 = 𝑈 + i𝑉 . There is 𝑎0 > 0 such that E𝑒𝑎0 |𝑊 | < ∞. For every polynomial 𝐹 ∈ C[𝑧] and
every 𝑥 ∈ R,

E𝐹 (𝑥 +𝑊) = 𝐹 (𝑥). (2.8)

The same conclusion holds for an entire function 𝐹 whenever
∞∑
𝑛=0

|𝐹 (𝑛) (𝑥) |
𝑛!

E|𝑊 |𝑛 < ∞. (2.9)

In particular, this condition holds for every 𝑥 ∈ R if |𝐹 (𝑧) | ≤ 𝐶𝑒𝑎 |𝑧 | on C for constants 𝐶 > 0 and
0 ≤ 𝑎 < 𝑎0. If 𝐹 extends a real-valued function 𝑓 on R, then

E[Re 𝐹 (𝑥 +𝑈 + i𝑉)] = 𝑓 (𝑥). (2.10)
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The proof uses E𝑊𝑛 = 0 for all 𝑛 ≥ 1 and an absolutely integrable Taylor expansion; see Ap-
pendix B. The role of the integrability condition is illustrated by the following example. Take𝑈 = ±1
with equal probabilities and its conjugate with density [2 cosh(𝜋𝑣/2)]−1. For 𝐹 (𝑧) = 𝑒−𝑧

2 ,

Re 𝐹 (𝑈 + i𝑉) = 𝑒𝑉
2−1 cos(2𝑉),

whose positive and negative parts both have infinite expectation. Thus the real-part expectation is
undefined without additional control.

3. A GENERAL POLYNOMIAL CONSTRUCTION

For a normalized polynomial 𝑃 positive on [0,∞), we construct a pair by multiplying 𝑃(𝑡2) by a
quadratic factor and a Gaussian moment-generating function. The theorem below establishes simul-
taneous validity of the resulting moment-generating function and its reciprocal.

THEOREM 3.1 (Polynomial realization). Let 𝑃 ∈ R[𝑠] be nonconstant with 𝑃(0) = 1. The following
are equivalent:
(a) 𝑃(𝑠) > 0 for every 𝑠 ≥ 0;
(b) there exist 𝑏, 𝜏 > 0 such that

𝑀𝑈 (𝑡) = 𝑒𝜏𝑡
2/2(1 + 𝑏𝑡2)𝑃(𝑡2), 𝜑𝑉 (𝑡) =

𝑒−𝜏𝑡
2/2

(1 + 𝑏𝑡2)𝑃(𝑡2)
(3.1)

are respectively a moment-generating function finite on R and a characteristic function.
More strongly, under (a) there is 𝑏0 > 0 such that for every 𝑏 ≥ 𝑏0 there is 𝜏0(𝑏) > 0 for which (3.1)
is valid whenever 𝜏 ≥ 𝜏0(𝑏). Both laws have strictly positive, symmetric densities, and independent
representatives satisfy (1.1).

The condition on 𝑃 is necessary because every moment-generating function is strictly positive
on the real axis. To prove sufficiency, we choose the parameters in order. First choose 𝑏 so that
[(1 + 𝑏𝑡2)𝑃(𝑡2)]−1 is a characteristic function. Then choose 𝜏 so that the proposed 𝑀𝑈 is a moment-
generating function. Multiplying the reciprocal by 𝑒−𝜏𝑡

2/2 simply adds an independent Gaussian. The
theorem guarantees suitable parameters; the bounds below explain how to choose them.

3.1. Step 1: obtain a density for the reciprocal. The inverse Fourier transform of 1/𝑃(𝑡2) has
total integral one, but it may take negative values. We show that convolution with a sufficiently wide
Laplace density makes it positive everywhere.

Let ℓ𝜆(𝑥) = 𝜆𝑒−𝜆 |𝑥 |/2. Its characteristic function is (1 + 𝑡2/𝜆2)−1.

LEMMA 3.2 (Uniform positivity after Laplace convolution). Let 𝑘 ∈ 𝐿1(R) be real,
∫
𝑘 = 1, and

suppose
∫
𝑒𝜂 |𝑦 | |𝑘 (𝑦) | d𝑦 < ∞ for some 𝜂 > 0. Define, for 0 < 𝜆 < 𝜂,

𝛿𝑘 (𝜆) =
∫
R
|𝑘 (𝑦) | (𝑒𝜆 |𝑦 | − 1) d𝑦. (3.2)

Then 𝛿𝑘 (𝜆) → 0 as 𝜆 ↓ 0, and for every 𝑥,

(1 − 𝛿𝑘 (𝜆))ℓ𝜆(𝑥) ≤ (ℓ𝜆 ∗ 𝑘)(𝑥) ≤ (1 + 𝛿𝑘 (𝜆))ℓ𝜆(𝑥). (3.3)

In particular, 𝛿𝑘 (𝜆) < 1 guarantees a strictly positive probability density.
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The error bound 𝛿𝑘 (𝜆) is uniform in 𝑥. For 𝛿𝑘 (𝜆) < 1, the lower bound is positive on R. The next
lemma checks that the inverse of 1/𝑃(𝑡2) satisfies the required assumptions.

LEMMA 3.3 (Rational inverse kernel). If 𝑃 satisfies Theorem 3.1(a), then

𝑘 = F −1 (𝑡 ↦→ 𝑃(𝑡2)−1)
is real, even and continuous, has total integral one, and satisfies the exponential integrability assump-
tion of Lemma 3.2. Consequently

𝜑𝑌𝑏 (𝑡) =
1

(1 + 𝑏𝑡2)𝑃(𝑡2)
(3.4)

is a characteristic function for every sufficiently large 𝑏.

Repeated roots are allowed. The positivity assumption removes real poles in the Fourier variable,
while partial fractions give exponentially decaying terms multiplied by polynomials. Details are given
in Appendix C.

3.2. Step 2: obtain a density for the original variable. Fix the value of 𝑏 found in Step 1 and put
𝑄(𝑠) = (1+𝑏𝑠)𝑃(𝑠). We seek a density with characteristic function 𝑒−𝜏𝑡

2/2𝑄(−𝑡2). Fourier inversion
gives a Gaussian density multiplied by a polynomial. For large 𝜏, the positive part of that polynomial
dominates its derivative corrections.

For 𝜏 > 0, write 𝑔𝜏 (𝑥) = (2𝜋𝜏)−1/2𝑒−𝑥
2/(2𝜏 ) .

LEMMA 3.4 (Gaussian polynomial realization). Let 𝑄 ∈ R[𝑠] satisfy 𝑄(0) = 1 and 𝑄(𝑠) > 0 for
𝑠 ≥ 0. Put 𝐷 = deg𝑄, 𝑅(𝑦) = 𝑄(𝑦2) and

𝑆𝜏 (𝑦) =
𝐷∑
𝑗=0

(−1) 𝑗
(2𝜏) 𝑗 𝑗!𝑅

(2 𝑗 ) (𝑦). (3.5)

The inverse Fourier transform of 𝑒−𝜏𝑡2/2𝑄(−𝑡2) is

𝑓𝑄,𝜏 (𝑥) = 𝑔𝜏 (𝑥)𝑆𝜏 (𝑥/𝜏). (3.6)

For 1 ≤ 𝑗 ≤ 𝐷, the numbers

𝐶 𝑗 = sup
𝑦∈R

|𝑅 (2 𝑗 ) (𝑦) |
𝑅(𝑦)

are finite. If

𝐴𝑄 (𝜏) :=
𝐷∑
𝑗=1

𝐶 𝑗

(2𝜏) 𝑗 𝑗! < 1, (3.7)

then 𝑓𝑄,𝜏 > 0,
∫

𝑓𝑄,𝜏 = 1, and its moment-generating function is 𝑒𝜏𝑡2/2𝑄(𝑡2).

Each derivative has lower degree than 𝑅, so the relative bounds 𝐶 𝑗 are finite. The correction in
(3.5) is therefore uniformly smaller than 𝑅 for large 𝜏.

We can now combine the two steps. Lemma 3.3 gives 𝑌𝑏, and Lemma 3.4 gives 𝑈. Taking

𝑉 =
√
𝜏𝑍 + 𝑌𝑏, 𝑍 ∼ 𝑁 (0, 1), 𝑍 ⊥ 𝑌𝑏, (3.8)

gives the reciprocal characteristic function in (3.1). This completes the construction; the full proofs
are in Appendix C.
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3.3. How to choose the parameters. The proof gives the following three-step procedure for obtain-
ing sufficient parameter bounds.

1. Invert 1/𝑃(𝑡2) by partial fractions. On 𝑥 ≥ 0 write its real-valued inverse as a finite, conjugate-
paired sum

𝑘 (𝑥) =
∑
ℓ, 𝑝

𝑐ℓ, 𝑝𝑥
𝑝𝑒−𝜁ℓ 𝑥 , 𝛼ℓ = Re 𝜁ℓ > 0.

For 0 < 𝜆 < min𝛼ℓ , a directly evaluable upper bound is

𝐵(𝜆) = 2
∑
ℓ, 𝑝

|𝑐ℓ, 𝑝 |𝑝!
(
(𝛼ℓ − 𝜆)−𝑝−1 − 𝛼−𝑝−1

ℓ

)
≥ 𝛿𝑘 (𝜆). (3.9)

Choose 𝜆 with 𝐵(𝜆) < 1 and set 𝑏 = 𝜆−2.
2. Form 𝑅(𝑦) = (1 + 𝑏𝑦2)𝑃(𝑦2) and upper bounds 𝐶 𝑗 ≥ 𝐶 𝑗 . Any

𝜏 ≥ max
1,

𝐷∑
𝑗=1

𝐶 𝑗

𝑗!

 (3.10)

ensures 𝐴𝑄 (𝜏) ≤ 1/2.
3. Use (3.6) for 𝑈 and (3.8) for 𝑉 . Lemma 3.2 gives a Laplace rejection envelope for 𝑌𝑏.

For rational or real algebraic coefficients, polynomial root isolation and univariate polynomial inequal-
ities can certify the bounds in these steps. General real coefficients require a representation permitting
certified evaluation. Increasing 𝜏 beyond a successful value also preserves validity directly by adding
independent Gaussians to both members.

4. NEW FAMILIES OUTSIDE THE TWO KNOWN CLASSES

We choose 𝑃 with nonreal zeros in the closed right half-plane. Nonreal zeros of 𝜑𝑈 exclude mem-
bership in D𝐿 , and poles of the reciprocal transform exclude the Laplace representation required for
D𝑃.

4.1. A test for excluding the class D𝑃. Recall that ℎ : [0,∞) → R is completely monotone if it is
continuous at zero, smooth on (0,∞), and (−1)𝑛ℎ (𝑛) (𝑠) ≥ 0 for all 𝑛 ≥ 0 and 𝑠 > 0. If ℎ(0) = 1, the
Bernstein–Widder theorem represents it as a probability Laplace transform [9]. In particular,

ℎ(𝑧) =
∫
[0,∞)

𝑒−𝑧𝑥𝜈( d𝑥), |ℎ(𝑧) | ≤ 1 (Re 𝑧 > 0). (4.1)

The known Bernstein representation for D𝑃 implies that ℎ𝑈 (𝑠) = 𝑀𝑈 (√𝑠)−1 must be completely
monotone when 𝜑𝑈 ∈ D𝑃; the precise definition is recalled in Section 5.2.

PROPOSITION 4.1 (Pole obstruction). Let 𝑄(0) = 1 and 𝑄(𝑠) > 0 for 𝑠 ≥ 0. If 𝑄 has a nonreal zero
𝑧0 with Re 𝑧0 ≥ 0, then for every 𝜏 ≥ 0,

ℎ(𝑠) = 𝑒−𝜏𝑠/2

𝑄(𝑠)

is not completely monotone. Hence a pair with this ℎ𝑈 has 𝜑𝑈 ∉ D𝑃; its conjugate is not a centered
Gaussian variance mixture.
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Proof. If ℎ were completely monotone, its probability Laplace transform would satisfy (4.1). The
identity theorem identifies it with 𝑒−𝜏𝑧/2/𝑄(𝑧) on the right half-plane with the finitely many poles
removed; this domain is connected. An interior pole contradicts analyticity and boundedness. A pole
on the imaginary axis contradicts the same uniform bound when approached from the right half-plane.
The exponential numerator has no zeros, so no cancellation is possible. Finally, a centered Gaussian
variance mixture has characteristic function ℎ(𝑡2) with ℎ completely monotone. □

For poles on the imaginary axis, the exclusion follows from the uniform bound in the open right
half-plane.

4.2. A family with arbitrarily many factors. Choose 𝑃 to be a product of positive quadratics. Their
nonreal zeros will give both exclusions at once.

THEOREM 4.2 (Families outside D𝐿 ∪ D𝑃). For 𝑚 ≥ 1, 𝑎 𝑗 ≥ 0 and 𝑐 𝑗 > 0, define

𝑃(𝑠) =
𝑚∏
𝑗=1

(𝑠 − 𝑎 𝑗)2 + 𝑐2
𝑗

𝑎2
𝑗 + 𝑐2

𝑗

. (4.2)

For all sufficiently large 𝑏, and then all sufficiently large 𝜏, (3.1) defines a van Dantzig pair whose
first member satisfies

𝜑𝑈 ∈ D \ (D𝐿 ∪ D𝑃). (4.3)

Both densities are strictly positive. The conclusion permits repeated factors and includes 𝑎 𝑗 = 0.

Proof. The polynomial is normalized and strictly positive on the nonnegative axis, so Theorem 3.1
applies. Its zeros 𝑎 𝑗 ± i𝑐 𝑗 are nonreal. Therefore

𝜑𝑈 (𝑧) = 𝑒−𝜏𝑧
2/2(1 − 𝑏𝑧2)𝑃(−𝑧2)

has nonreal zeros, excluding the Laguerre–Pólya class. The same zeros are poles of 𝑒−𝜏𝑠/2/[(1 +
𝑏𝑠)𝑃(𝑠)] in the closed right half-plane. Proposition 4.1 excludes D𝑃. □

The number of factors 𝑚 is arbitrary. The conjugates also lie outside the class of centered Gaussian
variance mixtures and the laws obtained from that class by independent addition, scaling or weak
limits. Addition and scaling preserve the mixture form directly. For weak limits, if 𝑉𝑛 =

√
2𝑇𝑛𝑍 is

tight, then
P(𝑇𝑛 > 𝑅2/2)P(|𝑍 | > 1) ≤ P(|𝑉𝑛 | > 𝑅),

so the mixing laws are tight too, and subsequential limits retain the mixture representation. The clo-
sure considered here consists of independent addition, scaling, and weak limits of centered Gaussian
variance mixtures.

4.3. An explicit example. For 𝑃(𝑠) = 1 + 𝑠2, the parameters 𝑏 = 2 and 𝜏 = 4 yield explicit positive
densities.

EXAMPLE 4.3. Take 𝑃(𝑠) = 1 + 𝑠2, 𝑏 = 2 and 𝜏 = 4. Then

𝑀𝑈 (𝑡) = 𝑒2𝑡2 (1 + 2𝑡2)(1 + 𝑡4), 𝜑𝑉 (𝑡) =
𝑒−2𝑡2

(1 + 2𝑡2)(1 + 𝑡4)
. (4.4)
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For these parameters, the two densities are obtained from the following functions:

𝑘2(𝑥) =
𝑒−|𝑥 |/

√
2

10
√

2

(
4 − cos

|𝑥 |
√

2
+ 3 sin

|𝑥 |
√

2

)
, (4.5)

𝑆4(𝑦) = 2𝑦6 − 13
2
𝑦4 + 49

8
𝑦2 + 7

32

= 2𝑦2
(
𝑦2 − 13

8

)2
+ 27

32
𝑦2 + 7

32
. (4.6)

Then 𝑈 has density 𝑔4(𝑥)𝑆4(𝑥/4), while 𝑉 = 2𝑍 + 𝑌 , where 𝑌 has density 𝑘2 and is independent of
𝑍 ∼ 𝑁 (0, 1). In particular, 𝑓𝑉 = 𝑔4 ∗ 𝑘2.

Both positivity checks are exact: 4 − cos 𝑦 + 3 sin 𝑦 ≥ 4 −
√

10 > 0 and (4.6) is strictly positive.
Appendix D verifies the Fourier constants and normalizations. Since 𝑃 has zeros at±i, Proposition 4.1
and the nonreal-zero argument give (4.3) for this example too.

Sampling 𝑌 requires only a Laplace proposal with scale
√

2: for a proposed 𝑥, accept with proba-
bility

4 − cos(|𝑥 |/
√

2) + 3 sin(|𝑥 |/
√

2)
4 +

√
10

. (4.7)

The mean acceptance probability is 5/(4 +
√

10). Adding 2𝑍 then samples 𝑉 . A Gaussian rejection
envelope for 𝑈, and a general version of both samplers, are given in Appendix E.

PROPOSITION 4.4 (An exact rational parameter threshold). For 𝑏 > 0, the rational function

𝑟𝑏 (𝑡) =
1

(1 + 𝑏𝑡2)(1 + 𝑡4)
is a characteristic function if and only if 𝑏 ≥ 2.

Thus the non-Gaussian factor has an exact, finite parameter test. The admissible region for the full
pair also depends on 𝜏. Appendix D proves the threshold.

5. RECOVERY OF KNOWN VAN DANTZIG PAIRS

For D𝐿 , the conjugate is a sum of independent Gaussian and Laplace variables. For D𝑃, the Bernstein
representation of [1] gives a Gaussian variance mixture. These representations verify the Fourier
criterion for both classes.

5.1. Laguerre–Pólya products.

PROPOSITION 5.1 (Independent-sum recovery). Suppose 𝑈 is symmetric and its moment-generating
function is

𝑀𝑈 (𝑡) = 𝑒𝜎
2𝑡2/2

∏
𝑛

(1 + 𝑡2/𝑎2
𝑛), 𝜎 ≥ 0, 𝑎𝑛 > 0,

∑
𝑛

𝑎−2
𝑛 < ∞. (5.1)

The product may be finite or empty. For independent variables 𝐺 ∼ 𝑁 (0, 𝜎2) and 𝐿𝑛 ∼
Laplace(0, 1/𝑎𝑛),

𝑉 = 𝐺 +
∑
𝑛

𝐿𝑛

converges in 𝐿2 and almost surely and is a negative conjugate of 𝑈. If 𝑈 is nondegenerate, its conju-
gate density is (2.2).



10 CONSTRUCTIVE VAN DANTZIG PAIRS

Each reciprocal factor in (5.1) is a Gaussian or Laplace characteristic function, which explains
the independent sum. We assume the product already comes from a law of 𝑈. Appendix F proves
convergence of the sum.

For 𝑎 > 0, the familiar examples are

Law of 𝑈 𝑀𝑈 (𝑡) Law or density of 𝑉

𝑁 (0, 𝜎2) 𝑒𝜎
2𝑡2/2 𝑁 (0, 𝜎2)

P(𝑈 = ±𝑎) = 1/2 cosh(𝑎𝑡) [2𝑎 cosh(𝜋𝑥/(2𝑎))]−1

Uniform on [−𝑎, 𝑎] sinh(𝑎𝑡)/(𝑎𝑡) 𝜋
4𝑎 sech2(𝜋𝑥/(2𝑎))

The last law is logistic with scale 𝑎/𝜋.
The power-semicircle family gives a continuous range of examples. For 𝜈 > −1/2 and 𝑎 > 0, let

𝑓𝑈 (𝑥) = Γ(𝜈 + 1)
𝑎
√
𝜋 Γ(𝜈 + 1/2)

(
1 − 𝑥2

𝑎2

)𝜈−1/2
1{ |𝑥 |<𝑎} .

Beta integration and the Bessel product formula [10, Eq. 10.21.15] give

𝑀𝑈 (𝑡) = Γ(𝜈 + 1)(𝑎𝑡/2)−𝜈 𝐼𝜈 (𝑎𝑡) =
∏
𝑛≥1

(
1 + 𝑎2𝑡2

𝑗2𝜈,𝑛

)
. (5.2)

The first expression is interpreted by its even entire series at zero and on negative real arguments.
Thus 𝑉 is the sum of independent Laplace variables of scales 𝑎/ 𝑗𝜈,𝑛. The choices 𝜈 = 0, 1/2, 1 give
the arcsine, uniform and semicircle laws, respectively.

5.2. The class D𝑃. We recall the definition to state precisely which class is recovered. Following
[1, Section 4], let

Ψ(𝑢) = −𝜅 + 𝑑𝑢 + 𝜎2

2
𝑢2 +

∫ ∞

0
(𝑒−𝑢𝑟 − 1 + 𝑢𝑟1{𝑟<1})Π( d𝑟), (5.3)

where 𝜅 ≥ 0, 𝑑 ∈ R, 𝜎 ≥ 0 and
∫
(1 ∧ 𝑟2)Π( d𝑟) < ∞. Exclude the negative-subordinator case:

simultaneously 𝜎 = 0,
∫
(1∧𝑟)Π( d𝑟) < ∞, and 𝑑 +

∫ 1
0 𝑟Π( d𝑟) ≤ 0. Let 𝜃 be the largest nonnegative

zero of Ψ, and require 0 ≤ 𝜃 ≤ 1/2. These exponents form N𝐷 . In particular, Ψ(𝑛) > 0 for 𝑛 ≥ 1.
Define

JΨ (𝑡) =
∞∑
𝑛=0

(−1)𝑛𝑡2𝑛∏𝑛
𝑘=1 Ψ(𝑘) , IΨ (𝑡) = JΨ (i𝑡), D𝑃 = {JΨ : Ψ ∈ N𝐷}. (5.4)

The empty product equals one. Theorem 4.1 of [1] states that JΨ is a van Dantzig function and that

logIΨ (𝑡) = ΦΨ (𝑡2) (5.5)

for a Bernstein function ΦΨ with ΦΨ (0) = 0. This representation is the fact about D𝑃 used in
Proposition 4.1. It also gives the following probability construction.

PROPOSITION 5.2 (Fourier recovery from Bernstein structure). For Ψ ∈ N𝐷 , there is a positive random
variable 𝑇Ψ with

E𝑒−𝑠𝑇Ψ = 𝑒−ΦΨ (𝑠) .
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If 𝑍 is independent and standard normal, the conjugate of the variable with characteristic function
JΨ is

𝑉Ψ =
√

2𝑇Ψ 𝑍.

Its density is, at every 𝑥 ∈ R,

1
𝜋

∫ ∞

0

cos(𝑡𝑥)
IΨ (𝑡)

d𝑡 = E

[
𝑒−𝑥

2/(4𝑇Ψ )
√

4𝜋𝑇Ψ

]
≥ 0. (5.6)

This proposition uses the published Bernstein representation. Appendix F verifies that 𝑇Ψ > 0 and
that the displayed mixture density is finite and continuous. Related complete-monotonicity results
already appear in Patie [6].

6. CONCLUDING REMARKS

The Fourier and Hankel criteria characterize existence and recover the conjugate law. The polynomial
theorem constructs pairs from every normalized polynomial positive on [0,∞). Polynomials with
nonreal zeros in the closed right half-plane give families outside D𝐿 ∪ D𝑃.

Open problems include determining the smallest admissible 𝑏, characterizing the polynomials for
which the Laplace factor can be omitted, and describing the exact admissible region for (𝑏, 𝜏). Further
comparisons concern the differential and multiplicative transformations in the van Dantzig literature.

A. FOURIER CHARACTERIZATION

Proof of Lemma 2.1. Symmetry gives 𝑀𝑈 (𝑡) = E cosh(𝑡𝑈). On {|𝑈 | ≥ 𝑟}, this is at least cosh(𝑟𝑡).
Since cosh(𝑟𝑡) ≥ 𝑒𝑟 |𝑡 |/2, (2.1) follows. Such an 𝑟 exists by nondegeneracy. □

Proof of Theorem 2.2. Write 𝑞 = 1/𝑀𝑈 . By Lemma 2.1, its inverse 𝑓 = F −1𝑞 is continuous,
bounded and real, and equals (2.2). If 𝑞 is a characteristic function, the inversion theorem for an
integrable characteristic function gives its continuous density 𝑓 , which must be nonnegative.

Conversely suppose 𝑓 ≥ 0. For 𝜀 > 0, Fubini’s theorem is applicable because 𝑞 ∈ 𝐿1 and the
Gaussian factor is integrable. It gives∫

R
𝑓 (𝑥)𝑒−𝜀𝑥2/2 d𝑥 =

1
√

2𝜋𝜀

∫
R
𝑞(𝑡)𝑒−𝑡2/(2𝜀) d𝑡 −→ 𝑞(0) = 1.

The limit follows from the Gaussian approximate identity and continuity of 𝑞 at zero. Monotone
convergence on the left implies

∫
𝑓 = 1. More generally, for any real 𝑠,∫

R
𝑒i𝑠𝑥 𝑓 (𝑥)𝑒−𝜀𝑥2/2 d𝑥 =

1
√

2𝜋𝜀

∫
R
𝑞(𝑡)𝑒−(𝑡−𝑠)2/(2𝜀) d𝑡.

Dominated convergence on the left and the approximate identity on the right yield 𝑓̂ (𝑠) = 𝑞(𝑠).
Thus 𝑓 is a probability density with the required characteristic function. Uniqueness follows from
uniqueness of characteristic functions. The estimates (2.3) follow by integrating (2.1) over [𝑇,∞)
and integrating 𝑡 times that bound over [0,∞). □
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B. MOMENT CHARACTERIZATION AND JACOBI RECOVERY

The following classical regularity principle for analytic characteristic functions supplies the moments
and exponential integrability used in the Hankel criterion; compare [4].

LEMMA B.1 (Analytic characteristic germ). If a characteristic function 𝜑 agrees near zero on the real
axis with an analytic function 𝑞, then the underlying variable 𝑊 has every even moment and

E𝑊2𝑛 = (−1)𝑛𝑞 (2𝑛) (0).

If 𝑞 is even and analytic on a neighborhood of {|𝑧 | ≤ 𝑟0}, with |𝑞(𝑧) | ≤ 𝐶 there, then

0 ≤ E𝑊2𝑛 ≤ 𝐶 (2𝑛)!𝑟−2𝑛
0 , E𝑒𝑎 |𝑊 | < ∞ (0 < 𝑎 < 𝑟0). (B.1)

Proof. For ℎ ≠ 0, the nonnegative quantity

E

����𝑒iℎ𝑊 − 1
ℎ

����2𝑛
is a finite linear combination of ℎ−2𝑛𝜑( 𝑗 ℎ) for −𝑛 ≤ 𝑗 ≤ 𝑛. Its coefficients annihilate powers of
degree less than 2𝑛, so the Taylor expansion of 𝑞 shows that this expression stays bounded as ℎ → 0.
Fatou’s lemma givesE|𝑊 |2𝑛 < ∞. Differentiation under the expectation, now justified by this moment,
proves the stated derivative identity. Cauchy’s estimate yields the first inequality in (B.1). Finally,
monotone convergence in the nonnegative series for cosh(𝑎𝑊) gives

E cosh(𝑎𝑊) =
∑
𝑛≥0

𝑎2𝑛E𝑊2𝑛

(2𝑛)! < ∞,

and 𝑒𝑎 |𝑊 | ≤ 2 cosh(𝑎𝑊) proves the claim. □

Proof of Theorem 2.3. Analytic preparation. First, 𝑀𝑈 is entire: on any compact subset with | Re 𝑧 | ≤
𝐴, the integrand is bounded by 𝑒𝐴|𝑈 | , whose expectation is at most 𝑀𝑈 (𝐴) + 𝑀𝑈 (−𝐴). Derivatives
are handled by a slightly larger 𝐴. Since 𝑀𝑈 (0) = 1, 𝑞 = 1/𝑀𝑈 is analytic in a disk about zero. Its
even Taylor coefficients are determined uniquely by the formal product 𝑀𝑈𝑞 = 1. Writing

𝑞(𝑧) =
∑
𝑛≥0

(−1)𝑛𝑣𝑛𝑧2𝑛

(2𝑛)!

and comparing coefficients gives precisely (2.4).
Necessity. Suppose first that a conjugate 𝑉 exists. Its characteristic function is real and even, so

its law is symmetric. Lemma B.1 applies to 𝑞 and proves that its moments are the recursively defined
𝑣𝑛. Since 𝑋 = 𝑉2 ≥ 0, every real vector 𝑐 = (𝑐0, . . . , 𝑐𝑁 ) satisfies

𝑐⊤𝐻𝑁 𝑐 = E ©­«
𝑁∑
𝑗=0

𝑐 𝑗𝑋
𝑗ª®¬

2

≥ 0, 𝑐⊤𝐻𝑁 𝑐 = E

𝑋 ©­«
𝑁∑
𝑗=0

𝑐 𝑗𝑋
𝑗ª®¬

2 ≥ 0.

This proves (a)⇒(b).
Sufficiency: construct a law from the moments. Assume (b). The Stieltjes moment theorem yields

a probability measure 𝜈 on [0,∞) with moments 𝑣𝑛; its total mass is 𝑣0 = 1. Take 𝑋 ∼ 𝜈, an
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independent fair sign 𝜖 , and set 𝑉 = 𝜖
√
𝑋 . Choose 𝑟0 > 0 with 𝑞 analytic on a neighborhood of the

closed disk of radius 𝑟0, and 𝐶 ≥ max |𝑧 |=𝑟0 |𝑞(𝑧) |. Cauchy’s coefficient estimate gives

0 ≤ 𝑣𝑛 ≤ 𝐶 (2𝑛)!𝑟−2𝑛
0 .

Consequently, for every 0 < 𝑎 < 𝑟0,

E cosh(𝑎𝑉) =
∑
𝑛≥0

𝑎2𝑛𝑣𝑛
(2𝑛)! < ∞.

Sufficiency: recover the identity on the real axis. Thus 𝜑𝑉 (𝑧) = E𝑒i𝑧𝑉 is analytic on the connected
strip |ℑ𝑧 | < 𝑎. On a neighborhood of zero its Taylor expansion equals 𝑞, and therefore

𝐹 (𝑧) := 𝑀𝑈 (𝑧)𝜑𝑉 (𝑧) − 1

is analytic throughout this strip and vanishes near zero. The identity theorem gives 𝐹 = 0 on the
entire strip, hence (1.2) on R. The resulting identity also shows that 𝑀𝑈 is zero-free on this strip.
This proves (b)⇒(a).

Strict positivity. Under (a), Theorem 2.2 gives an absolutely continuous, nonzero probability law
for 𝑉 . A nonzero polynomial in 𝑉2 can vanish only at finitely many real values of 𝑉 . Hence both
displayed quadratic forms are strictly positive when 𝑐 ≠ 0, even after the factor𝑉2 in the second. This
proves (a)⇒(c), while (c)⇒(b) is immediate.

Moment determinacy. Finally, the exponential moment proves moment determinacy. Explicitly,
any competing law with the same moments has finite E cosh(𝑎𝑊) by monotone convergence and the
same bound. Its characteristic function is analytic on a strip and agrees with that of𝑉 near zero, hence
everywhere on R. This also shows that the law of 𝑉2 is determined: any representing Stieltjes law
can be symmetrized by the fair-sign construction just used. □

Proof of Corollary 2.4. The density of 𝑉 implies that its moment functional is strictly positive on
squares of nonzero polynomials. Gram–Schmidt therefore produces polynomials of every degree.
Symmetry makes their parities alternate and the diagonal Jacobi coefficients vanish. The usual three-
term recurrence gives the stated positive 𝛽𝑛.

For completeness, the finite matrix construction has the Gauss exactness property. In the orthonor-
mal polynomial basis, multiplication by 𝑥 is tridiagonal. To compute the coefficient of the constant
polynomial after 𝑘 multiplications, sum over tridiagonal paths starting and ending at index zero. A
path reaching index 𝑁 and returning requires at least 2𝑁 steps. Thus for 𝑘 ≤ 2𝑁 − 1 the finite
compression and the full recurrence give the same (0, 0) entry. The spectral theorem consequently
yields ∫

𝑥𝑘𝜇𝑁 ( d𝑥) = ⟨𝑒1, 𝐽
𝑘
𝑁 𝑒1⟩ = 𝑚𝑘 (0 ≤ 𝑘 ≤ 2𝑁 − 1).

In particular, the weights sum to one, and the common second moment for 𝑁 ≥ 2 proves tightness.
Along any weakly convergent subsequence, moments of fixed degree pass to the limit by uniform inte-
grability: choose a larger fixed even moment, which is eventually matched exactly. Every subsequen-
tial limit therefore has all moments 𝑚𝑘 and equals L(𝑉) by determinacy. Tightness and uniqueness
of the limit prove (2.7). □

Proof of Theorem 2.5. By Theorem 2.3, choose 𝑎0 > 0 with E𝑒𝑎0 |𝑉 | < ∞. Hypothesis (H) implies
E𝑒𝑎0 |𝑈 | < ∞. Independence and |𝑊 | ≤ |𝑈 |+|𝑉 | therefore giveE𝑒𝑎0 |𝑊 | < ∞. The function 𝑧 ↦→ E𝑒𝑧𝑊
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is analytic on |𝑧 | < 𝑎0, by exponential domination on smaller disks. It equals 1 for real 𝑧 by (1.1);
hence all its derivatives at zero vanish except the constant term. Consequently,

E𝑊𝑛 = 0 (𝑛 ≥ 1), E𝑊0 = 1.

Taylor expansion now proves (2.8) for polynomials. For an entire 𝐹 satisfying (2.9), Tonelli’s theorem
gives absolute integrability of its Taylor series at 𝑥, so expectation can be taken term by term and gives
the same identity.

To verify the stated growth condition, choose 𝑐 > 1 with 𝑎𝑐 < 𝑎0. For 𝑤 ≠ 0, Cauchy’s estimate
on the circle centered at 𝑥 of radius 𝑐 |𝑤 | gives

∞∑
𝑛=0

|𝐹 (𝑛) (𝑥) |
𝑛!

|𝑤 |𝑛 ≤ 𝑐

𝑐 − 1
𝐶𝑒𝑎 |𝑥 |+𝑎𝑐 |𝑤 | .

The bound also holds at 𝑤 = 0. Its expectation at 𝑤 = 𝑊 is finite, proving (2.9). Taking real
parts gives (2.10). In the counterexample following the theorem, intervals of fixed length on which
cos(2𝑣) ≥ 1/2, or cos(2𝑣) ≤ −1/2, recur at arbitrarily large 𝑣. On these intervals the quadratic
exponential 𝑒𝑣2−1 dominates the exponential decay of the conjugate density, proving divergence of
both parts. □

C. THE POLYNOMIAL CONSTRUCTION AND PARAMETER BOUNDS

Proof of Lemma 3.2. For every 𝑥, 𝑦 ∈ R, the triangle inequality gives

𝑒−𝜆 |𝑦 | ≤ ℓ𝜆(𝑥 − 𝑦)
ℓ𝜆(𝑥)

≤ 𝑒𝜆 |𝑦 | ,

����ℓ𝜆(𝑥 − 𝑦)
ℓ𝜆(𝑥)

− 1
���� ≤ 𝑒𝜆 |𝑦 | − 1.

Since
∫
𝑘 = 1, division by ℓ𝜆(𝑥) > 0 gives���� (ℓ𝜆 ∗ 𝑘)(𝑥)ℓ𝜆(𝑥)

− 1
���� ≤ 𝛿𝑘 (𝜆).

This proves (3.3). Dominated convergence, using any fixed 0 < 𝜆1 < 𝜂, proves 𝛿𝑘 (𝜆) → 0 for
𝜆 ↓ 0. Fubini gives

∫
(ℓ𝜆 ∗ 𝑘) = 1. Continuity follows, for example, from uniform continuity and

boundedness of ℓ𝜆 and integrability of 𝑘 . □

Proof of Lemma 3.3. Decay of the inverse. Let 𝑑 = deg 𝑃 ≥ 1. Positivity on [0,∞) forces a positive
leading coefficient. The rational function 𝑟 (𝑧) = 1/𝑃(𝑧2) is 𝑂 (|𝑧 |−2𝑑) at infinity, has no real poles,
and is even and real on the real axis. Thus 𝑟 |R ∈ 𝐿1, and its inverse 𝑘 is continuous, real and even.

For 𝑥 > 0 close the contour for 𝑒−i𝑧𝑥𝑟 (𝑧) in the lower half-plane. The semicircle integral tends
to zero since the exponential has modulus at most one there and 𝑟 (𝑧) = 𝑂 (|𝑧 |−2𝑑). A pole 𝑧ℓ of
multiplicity 𝑚ℓ contributes a polynomial of degree at most 𝑚ℓ − 1 in 𝑥 times 𝑒−i𝑧ℓ 𝑥 . Since ℑ𝑧ℓ < 0,
each term decays exponentially. The analogous upper contour handles 𝑥 < 0, or one may use evenness.
If 𝛼 > 0 is smaller than the distance of all poles to the real axis, a constant 𝐶 and integer 𝑀 satisfy

|𝑘 (𝑥) | ≤ 𝐶 (1 + |𝑥 |𝑀 )𝑒−𝛼 |𝑥 | .

This gives the required exponential integrability for any smaller exponent. Repeated poles only en-
large the polynomial factor. Zeros of 𝑃 on the negative real axis give purely imaginary Fourier poles
and cause no problem; nonreal zeros, including purely imaginary zeros of 𝑃, also remain a positive
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distance from the real Fourier axis. Positive real zeros of 𝑃 are excluded by the hypothesis, as is zero
itself.

Normalization and positivity. Because both 𝑟 and 𝑘 are integrable, Fourier inversion (or Gaussian
regularization followed by dominated convergence) gives 𝑘̂ = 𝑟. In particular

∫
𝑘 = 𝑟 (0) = 1.

Lemma 3.2 now applies. Choose 𝜆0 > 0 with 𝛿𝑘 (𝜆0) < 1 within the exponential-integrability range.
The function 𝛿𝑘 is nondecreasing, so every 0 < 𝜆 ≤ 𝜆0 works. With 𝑏 = 𝜆−2 and 𝑏0 = 𝜆−2

0 , the
transform of ℓ𝜆 ∗ 𝑘 is (3.4) for all 𝑏 ≥ 𝑏0. □

Proof of Lemma 3.4. The density formula. Write 𝑄(𝑠) = ∑𝐷
𝑘=0 𝑞𝑘𝑠

𝑘 . Gaussian differentiation gives

F −1 [𝑒−𝜏𝑡2/2𝑄(−𝑡2)] (𝑥) =
𝐷∑
𝑘=0

𝑞𝑘𝑔
(2𝑘 )
𝜏 (𝑥). (C.1)

Indeed, our Fourier convention gives �
𝑔 (2𝑘 )
𝜏 (𝑡) = (−1)𝑘𝑡2𝑘𝑒−𝜏𝑡2/2. To verify (3.5) with its exact signs

and scales, expand the Gaussian translation identity

𝑔𝜏 (𝑥 + 𝑧)
𝑔𝜏 (𝑥)

= exp
(
−𝑥𝑧
𝜏

− 𝑧2

2𝜏

)
.

Comparing coefficients of 𝑧2𝑘 yields

𝑔 (2𝑘 )
𝜏 (𝑥)
𝑔𝜏 (𝑥)

=
𝑘∑
𝑗=0

(2𝑘)!
(2𝑘 − 2 𝑗)! 𝑗!

(
− 1

2𝜏

) 𝑗 ( 𝑥
𝜏

)2𝑘−2 𝑗
.

Substituting into (C.1) and regrouping the finite sums gives (3.6).
Positivity. Since 𝑅 > 0 on R, each |𝑅 (2 𝑗 ) |/𝑅 is continuous. It tends to zero at infinity, because its

numerator has lower degree than its denominator, so 𝐶 𝑗 < ∞. Consequently

𝑆𝜏 (𝑦) ≥ 𝑅(𝑦)(1 − 𝐴𝑄 (𝜏)).

Under (3.7), this is strictly positive.
Normalization and the moment-generating function. Every nonzero derivative of the Gaussian has

zero integral, so (C.1) integrates to 𝑞0 = 1. Its absolute value is a polynomial times a Gaussian, so all
real exponential moments exist. Integrating by parts 2𝑘 times gives∫

R
𝑒𝑡 𝑥𝑔 (2𝑘 )

𝜏 (𝑥) d𝑥 = 𝑡2𝑘𝑒𝜏𝑡
2/2,

with all boundary terms zero. Summing proves the asserted moment-generating function. □

Proof of Theorem 3.1 and the certificates. If (b) holds, strict positivity of 𝑀𝑈 gives 𝑃(𝑡2) > 0 for
every real 𝑡, proving (a). Conversely Lemma 3.3 supplies a common 𝑏0 for the conjugate side. Fix
any 𝑏 ≥ 𝑏0 and apply Lemma 3.4 to 𝑄 = (1+ 𝑏𝑠)𝑃. The quantity 𝐴𝑄 (𝜏) decreases to zero as 𝜏 → ∞,
so one may choose 𝜏0(𝑏) > 0 with 𝐴𝑄 (𝜏0(𝑏)) < 1. All larger 𝜏 work. The resulting 𝑈 is symmetric
with a strictly positive density, and 𝑉 =

√
𝜏𝑍 +𝑌𝑏 is symmetric with a strictly positive density. Their

transforms multiply to one. Product-space independence gives (1.1) with an absolutely integrable
complex random variable because |𝑒𝑡 (𝑈+i𝑉 ) | = 𝑒𝑡𝑈 .

For (3.9), use the triangle inequality termwise on 𝑥 ≥ 0, evenness on the other half-line, and∫ ∞

0
𝑥𝑝𝑒−𝛼𝑥 (𝑒𝜆𝑥 − 1) d𝑥 = 𝑝!

(
(𝛼 − 𝜆)−𝑝−1 − 𝛼−𝑝−1) .
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Thus 𝐵(𝜆) → 0, so its test succeeds for small enough 𝜆. For (3.10), note that for 𝜏 ≥ 1 and 𝑗 ≥ 1,
(2𝜏)− 𝑗 ≤ (2𝜏)−1. Hence

𝐴𝑄 (𝜏) ≤ 1
2𝜏

𝐷∑
𝑗=1

𝐶 𝑗

𝑗!
≤ 1

2
.

Finally, the bounds 𝐶 𝑗 may be certified by the polynomial inequalities 𝐶 𝑗𝑅 ± 𝑅 (2 𝑗 ) ≥ 0 on R. A
sufficiently large bound always exists by the preceding proof. For algebraic inputs these are univariate
algebraic sign tests, so the positive-polynomial construction admits certified parameter selection. □

D. EXACT VERIFICATION OF THE EXPLICIT EXAMPLE

The rational factor has the decomposition

1
(1 + 2𝑡2)(1 + 𝑡4)

=
4

5(1 + 2𝑡2)
+ 1 − 2𝑡2

5(1 + 𝑡4)
. (D.1)

Set 𝑎 = 1/
√

2. The elementary inverse transform

𝑗 (𝑥) = F −1 [(1 + 𝑡4)−1] (𝑥) = 𝑒−𝑎 |𝑥 |

2
√

2

(
cos(𝑎 |𝑥 |) + sin(𝑎 |𝑥 |)

)
follows by residues at the two lower-half-plane poles for 𝑥 > 0. Here 𝑗 ′(0+) = 𝑗 ′(0−) = 0, so its
distributional second derivative has no atom at zero, and

F −1 [𝑡2/(1 + 𝑡4)] (𝑥) = − 𝑗 ′′(𝑥) = 𝑒−𝑎 |𝑥 |

2
√

2

(
cos(𝑎 |𝑥 |) − sin(𝑎 |𝑥 |)

)
.

Combining these identities with the Laplace inverse of (1 + 2𝑡2)−1 proves (4.5), including its Fourier
normalization. Directly, substituting 𝑦 = |𝑥 |/

√
2 gives∫

R
𝑘2(𝑥) d𝑥 =

1
5

∫ ∞

0
𝑒−𝑦 (4 − cos 𝑦 + 3 sin 𝑦) d𝑦 =

1
5

(
4 − 1

2
+ 3

2

)
= 1.

The amplitude bound in the main text proves strict positivity everywhere.
On the original side 𝑄(𝑠) = (1 + 2𝑠)(1 + 𝑠2) and 𝑅(𝑦) = 1 + 2𝑦2 + 𝑦4 + 2𝑦6. Formula (3.5) with

𝜏 = 4 gives
𝑆4 = 𝑅 − 1

8
𝑅′′ + 1

128
𝑅 (4) − 1

3072
𝑅 (6) ,

which expands to (4.6). Its displayed sum-of-squares decomposition proves positivity without a nu-
merical minimization. For a direct normalization check, under 𝑔4 the variable 𝑦 = 𝑥/4 has variance
1/4, so ∫

𝑔4(𝑥)𝑆4(𝑥/4) d𝑥 = 2
15
64

− 13
2

3
16

+ 49
8

1
4
+ 7

32
= 1.

The integration-by-parts identity in Appendix C gives exactly the first transform in (4.4). Independent
Gaussian addition supplies the second. Both variables have variance 8, also obtained from the second
derivatives of their transforms at zero.

Proof of Proposition 4.4. For 𝑏 ≥ 2, the identity

𝑟𝑏 (𝑡) = 𝑟2(𝑡)
(
2
𝑏
+ 1 − 2/𝑏

1 + 𝑏𝑡2

)
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is a product of characteristic functions: the parenthesis is a mixture of a point mass at zero and a
Laplace law. Conversely, for any 𝑏 > 0, partial fractions give the continuous inverse

𝑘𝑏 (𝑥) =
𝑏3/2

2(𝑏2 + 1)
𝑒−|𝑥 |/

√
𝑏

+ 𝑒−|𝑥 |/
√

2

2
√

2(𝑏2 + 1)

(
(1 − 𝑏) cos

|𝑥 |
√

2
+ (1 + 𝑏) sin

|𝑥 |
√

2

)
.

If 𝑏 < 2, the first term decays strictly faster than the oscillating second term. The latter has nonzero
amplitude, so 𝑘𝑏 is negative along an unbounded sequence of points. Integrability of 𝑟𝑏 makes non-
negativity of this inverse necessary for a characteristic function. This proves necessity. The argument
is also consistent with the classical pole restrictions in [5]. □

E. REJECTION SAMPLING CONSTRUCTIONS

These constructions specify exact target laws; numerical implementations must evaluate the accep-
tance probabilities to the required accuracy.

For the general polynomial family, choose 𝜆 and a certified 𝐵 ≥ 𝛿𝑘 (𝜆) with 𝐵 < 1. Let 𝑓𝑏 = ℓ𝜆 ∗ 𝑘 .
Propose 𝑋 ∼ ℓ𝜆 and accept independently with probability

𝑓𝑏 (𝑋)
(1 + 𝐵)ℓ𝜆(𝑋)

.

Lemma 3.2 puts this ratio in [0, 1], and normalization proves an acceptance rate 1/(1 + 𝐵). The
convolution can itself be evaluated by the partial fractions of [(1 + 𝑏𝑡2)𝑃(𝑡2)]−1. Repeated poles
are handled by the same polynomial–exponential formulas. Add an independent 𝑁 (0, 𝜏) variable to
obtain 𝑉 .

For 𝑈, expand the even polynomial 𝑆𝜏 (𝑦) =
∑𝐷

𝑘=0 𝑠𝑘𝑦
2𝑘 . Relative to the proposal 𝑔2𝜏 ,

𝑓𝑄,𝜏 (𝑥)
𝑔2𝜏 (𝑥)

=
√

2𝑒−𝜏𝑦
2/4𝑆𝜏 (𝑦), 𝑦 = 𝑥/𝜏.

Using sup𝑦∈R |𝑦 |2𝑘𝑒−𝜏𝑦
2/4 = (4𝑘/(𝑒𝜏))𝑘 for 𝑘 ≥ 1, the finite constant

𝐶𝑈 =
√

2

(
|𝑠0 | +

𝐷∑
𝑘=1

|𝑠𝑘 |
(
4𝑘
𝑒𝜏

) 𝑘)
(E.1)

satisfies 0 ≤ 𝑓𝑄,𝜏 ≤ 𝐶𝑈𝑔2𝜏 . Accept a 𝑔2𝜏 proposal with probability 𝑓𝑄,𝜏/(𝐶𝑈𝑔2𝜏). Its acceptance
rate is 1/𝐶𝑈 > 0.

For Example 4.3, 𝑘2/ℓ1/
√

2 = (4 − cos 𝑦 + 3 sin 𝑦)/5, which gives (4.7). For 𝑈, use 𝜏 = 4 and the
coefficients in (4.6) in (E.1); all required functions are elementary. Independent repetitions of these
samplers realize the independence in (1.1).

F. RECOVERY OF THE KNOWN CLASSES

Proof of Proposition 5.1. The variables 𝐿𝑛 are centered with variances 2𝑎−2
𝑛 . Their partial sums are

an 𝐿2-bounded martingale, hence converge both in 𝐿2 and almost surely. Independence gives the
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characteristic function of each partial sum, and bounded convergence under almost-sure convergence
gives

𝜑𝑉 (𝑡) = 𝑒−𝜎2𝑡2/2
∏
𝑛

(1 + 𝑡2/𝑎2
𝑛)−1 = 𝑀𝑈 (𝑡)−1.

The Gaussian factor permits 𝜎 = 0, interpreted as a point mass. Finite and empty products cause no
difficulty. In the nondegenerate case Lemma 2.1 and Theorem 2.2 give the continuous density. □

For the Bessel example, let 𝑧 = 𝑥/𝑎 and integrate its even moments by the beta integral. One
obtains

E𝑈2𝑛 = 𝑎2𝑛 Γ(𝑛 + 1/2)Γ(𝜈 + 1)
√
𝜋 Γ(𝑛 + 𝜈 + 1)

.

The duplication formula gives the series in (5.2). The canonical product for 𝐽𝜈 yields the product for
𝐼𝜈 , and comparison of the coefficient of 𝑡2 gives∑

𝑛≥1

1
𝑗2𝜈,𝑛

=
1

4(𝜈 + 1) < ∞.

Proposition 5.1 then applies. The hyperbolic-secant and logistic formulas follow from the usual
Fourier transforms, with a change of scale; their integrals are one by the elementary antiderivatives
of sech and sech2, respectively.

Proof of Proposition 5.2. We use the characteristic-function assertion and Bernstein representation
of Theorem 4.1 in [1]. To check the hypotheses of our Fourier theorem explicitly, the series for JΨ is
entire since Ψ(𝑛) → ∞. Lemma B.1 yields its even moments

𝑢𝑛 =
(2𝑛)!∏𝑛
𝑘=1 Ψ(𝑘) .

For each real 𝑡, monotone convergence in the cosh series gives E cosh(𝑡𝑈) = IΨ (𝑡) < ∞. Symmetry
therefore gives 𝑀𝑈 (𝑡) = IΨ (𝑡), and 𝑢1 = 2/Ψ(1) > 0. Thus (H) holds.

A Bernstein function with value zero at the origin is a Laplace exponent of a subordinator; equiv-
alently, 𝑒−ΦΨ (𝑠) is a probability Laplace transform [9]. This supplies 𝑇Ψ ≥ 0. The polynomial lower
bound IΨ (𝑡) ≥ 1 + 𝑡2/Ψ(1) shows

P(𝑇Ψ = 0) = lim
𝑠→∞
E𝑒−𝑠𝑇Ψ = lim

𝑠→∞
IΨ (

√
𝑠)−1 = 0.

Conditioning on 𝑇Ψ now gives the asserted characteristic function of
√

2𝑇Ψ𝑍 . Moreover, Tonelli’s
theorem and Lemma 2.1 imply

√
𝜋 E𝑇−1/2

Ψ =
∫
R
E𝑒−𝑡

2𝑇Ψ d𝑡 =
∫
R
IΨ (𝑡)−1 d𝑡 < ∞.

Hence the Gaussian mixture density is finite and continuous at every 𝑥, by domination with
(4𝜋𝑇Ψ)−1/2. Fourier inversion identifies it pointwise with (5.6). □
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